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Abstract

In this paper, a solution to the dynamic problem of reinforced concrete slab-and-beam structures
including creep and shrinkage effects is presented. The adopted model takes into account the resulting in-
plane forces and deformations of the plate as well as the axial forces and deformations of the beam, due to
the combined response of the system. The analysis consists of isolating the beams from the plate by sections
parallel to the lower outer surface of the plate. The influence on creep and shrinkage effects of the time
between the casting and the loading of the plate and the beams is taken into account. A lumped mass matrix
is constructed from the tributary mass areas to the nodal mass points and a stiffness matrix is computed
using the solution of the corresponding static problem. Both free and forced vibrations are considered and
numerical examples of practical interest are presented. The discrepancy between the eigenvalues obtained
using the present analysis, which better approximates to the actual response of the plate—beam system and
the corresponding ones which ignore the in-plane forces and deformations requires the adopted model.
© 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

The interest in reinforced concrete slab-and-beam structures has been widespread in recent
years due to the economic and structural advantages of such systems. Stiffened reinforced
concrete plate structures are efficient, economical and functional, while construction using precast
beams is the quickest, most usual and economical method for long river/or valley bridges or for
long-span slabs. The extensive use of plate structures necessitates a rigorous static and dynamic
analysis.
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Although there is extensive literature on static analysis of these systems [1-10], to the authors’
knowledge only a limited amount of technical literature is available on the dynamic analysis of
stiffened plate systems, limited to evaluating bounds of eigenfrequencies using the Rayleigh—Ritz
procedure [11,12] or employing the finite element method [13]. In previous work the adopted
model for the dynamic analysis of plate—beams systems consists of isolating the beams from the
plate and neglecting the shear forces at the interfaces. This assumption results in considerable
discrepancies from the actual response of the stiffened plate. Moreover, it does not allow these
forces to be determined, which are necessary for the design of composite or prefabricated
structures.

In this paper the dynamic analysis of reinforced concrete slab-and-beam structures is presented.
The adopted structural model is that employed by Sapountzakis and Katsikadelis [10], which,
contrary to the models used previously, takes into account the resulting in-plane forces and
deformations of the plate as well as the axial forces and deformations of the beam, due to
combined response of the system. Using this model, the study of the dynamic behaviour of a
stiffened plate subjected to a lateral load and to the effects of creep and shrinkage, either for
simultaneous or for separate casting of the plate and the beams is attempted. The method
presented employs the static solution to establish a flexibility matrix with respect to a set of nodal
mass points in the interior of the plate. The mass matrix is constructed by lumping the mass areas
contributing to the nodal mass points of the discretized plate [14, 15]. The static solution is
obtained using the analogue equation method (AEM) [16]. The analysis consists in isolating the
beams from the plate by sections parallel to the lower outer surface of the plate. The forces at the
interface, which produce lateral deflection and in-plane deformation of the plate and lateral
deflection and axial deformation of the beam, are established using continuity conditions at the
interface. Both free and forced transverse vibrations are considered and numerical examples of
practical interest are presented. The discrepancy between the eigenfrequencies obtained using the
analysis presented, which better approximates to the actual response of the plate—beam system,
and the corresponding ones which ignore the in-plane forces and deformations, justify the analysis
used in the proposed model. Finally, the influence of the time interval between the casting of the
plate and the beams on the dynamic behaviour of the stiffened plate is examined.

2. Statement of the problem

Consider a thin reinforced concrete plate having constant thickness /,, occupying the domain Q
of the x, y plane and stiffened by a set of parallel reinforced concrete beams. The plate may have J
holes and is supported on its boundary I = U/.JZO I';, which may be piecewise smooth (Fig. 1),
while the beams may have point supports. For the sake of convenience the x-axis is taken parallel
to the beams.

Let the time of the casting of the beams 7. be the beginning of the time considered ¢, #,; be the
time at initial loading of the beams, 7,. be the time of the casting of the plate and 7,; be the time at
which the plate is initially subjected to the lateral load g = g(x, ), x : {x,y}, t=0.

The solution of the problem at hand is approached by isolating the beams from the plate by
sections in the lower outer surface of the plate and taking into account the tractions at the
fictitious interfaces (Fig. 2). These tractions result in the loading of the beam as well as the
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Fig. 1. Two-dimensional region Q occupied by the plate.
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Fig. 2. Thin elastic plate stiffened by beams (a) and isolation of the beams from the plate (b).

additional loading of the plate. Their distribution is unknown and can be established by imposing
displacement continuity conditions at the interfaces and using the procedure developed in this
investigation.

The integration of the tractions along the width of the beam result in line forces per unit length
which are denoted by ¢, ¢, and ¢.. Taking into account that the torsional stiffness of the beam is
small, the traction component g,, in the direction normal to the beam axis, may be ignored.
However, in a more refined model the influence of this component may also be considered. The
other two components ¢, and ¢. produce the following loadings along the trace of each beam:
(a) In the plate

(1) A lateral line load —g¢. at the interface.
(i) A lateral line load —0M,,/0x due to the eccentricity of the component ¢, from the
middle surface of the plate. M, = ¢.h,/2 is the bending moment.
(iii)) An in-plane line body force ¢, at the middle surface of the plate.
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(b) In each beam

(1) A transverse load g¢..
(if) A transverse load 0M;/0x due to the eccentricity of ¢, from the neutral axis of the

beam cross-section.
(iii) An in-plane axial force g,.
The structural models of the plate and the beams are shown in Fig. 3.
Following from the above considerations the response of the plate and of the beams may be
described by the following initial boundary value problems.

2.1. For the plate

The plate undergoes transverse deflection and in-plane deformation. Thus, for the transverse

deflection
2wp azw,, 82wp>

0
4 .
DV wp—l-ppwp— (NxW‘I‘zNXyM ya—yz

K (o  oMP .
ZQ—; ¢ +—= o —yo) in Q, (1)
arwp + oV, =a3 on I, (2a)

(2b)

plate model

Fig. 3. Structural model of the plate and the beams.



E.J. Sapountzakis, J.T. Katsikadelis | Journal of Sound and Vibration 260 (2003) 403416 407

wy(x,0) = &(x), (3a)
Wy(x,0) = &(x), (3b)

where w, = w,(x, ), is the transverse deflection of the plate; D(r) = E,,(t)hf7 J12(1 — v?) is its time-
dependent flexural rigidity with E, being the elastic modulus and v the Poisson ratio; N, =
Ni(x,1), N, = Ny(x,1), Ny, = Ny, (X, ) are the membrane forces per unit length of the plate cross-
section at time #; p, = ph, is the surface mass density of the plate with p being the volume mass
density; o(y — yx) is the Dirac’s delta function in the y direction; &(x), &(x) are the initial deflection
and the initial velocity of the points of the middle surface of the plate; M, and V,, are the bending
moments normal to the boundary and the effective reaction along it, respectively, and they are
given as

*w,  Pw,
Mn:—D<W+vw>, (4)

)

0 *w,
on Os onot |’

V,=-D [ﬁ Vzwp —(v—1D=

Finally, a;, ; (i=1,2,3) are functions specified on the boundary I'. For the purposes of this
investigation the material behaviour of the reinforced concrete plate is assumed to be linearly
elastic (service state conditions).

The boundary conditions (2a) and (2b) are the most general linear boundary conditions for the
plate problem including also the elastic support. It is apparent that all types of the conventional
boundary conditions (clamped, simply supported, free or guided edge) can be derived from these
equations by specifying the functions @; and f; appropriately (e.g., for a clamped edge it is
a=p=1La=a;=p4=p=0).

If the stresses are kept within the limits corresponding to the normal service conditions,
assuming a linear relationship between creep and the stress causing the creep and denoting by
t, = ty — by, Trost’s theory [17] gives the tangent modulus of elasticity as

E
e — (6)
L+ 20, 1)

where E,; is the tangent modulus of elasticity of the plate at time #,, x is an ageing coefficient
depending on strain development with time, ¢(z, 7,) is the creep coefficient related to the elastic
deformation at 7, days which is defined as [18]

o(t, tp) = ¢RHﬂ(fcm)ﬁ(tp)ﬁcp(t - tp), (7)

where @gry, B(fon) and P(z,) are the factors depending on the relative humidity, the concrete
strength and the concrete age at loading, respectively, which are defined as

Ep(t) =

ory = 1+ (1 — RH/100)/(0.10y/h), (8a)
B(fom) = 16.8//fum, (8b)

(1) = 1/(0.1 + 152°), (8c)
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where RH is the relative humidity of the ambient environment in %, hy = 24, /u, is the notional
size of the plate in mm, A, is the area of the plate cross-section, u, is the plate perimeter in contact
with the atmosphere, f.,, is the mean compressive strength of concrete in N/mm? at the age of 28
days. Moreover, f8,(f — ,) in Eq. (7) is a coefficient for the development of creep with time, which
is estimated from

Bep(t — 1) = [(t = 1)/ (B + 1 = )], 9)
where f;; is a coefficient depending on the relative humidity RH, given as
By = 1.5[1 + (0.012RH)"]hy + 250 < 1500. (10)

Since linear plate bending theory is considered, the components of the membrane forces Ny, Ny,
N,, do not depend on the deflection w,. They are given as

B Ouy, ov,
Nx—C(6x+vay>, (11a)
B ou, 0v,
Ny—C<v 8x+ 8y>’ (11b)
L=y /(ou, Ov,
Ny =l <ay+ax>, (110

where C(7) = E,(1)/(1 — v?); u, = u,(x, 1) and v, = v,(x, 1) are the displacement components of the
middle surface of the plate arising from both the line body force ¢, and the plate shrinkage, which
is conveniently expressed in terms of a uniform variation of temperature 7,(x, 7). The above
displacement components are established by solving independently the plane stress problem,
which is described by the following quasi-static (in-plane inertia forces are ignored) boundary
value problem (Navier’s equations of equilibrium):

1+v0 {6%, vy (1 +wv)oT,

1 .
=1 4 _] + —q,0(y — i) — 20 =0, inQ (12a)
P

2
Vi x ol TG (1 —0) ox

P —pox

1+v0 [ou, oOv 1+ 00T,
2 p P P
L e T A ) e 12b
vvp+l—08y[6x 6y} al—v&y ’ (12b)
VUp + Ny =73 on I, (13a)
5111; + (SzN[ = 53 (13b)

in which G,(¢) = E,(t)/2(1 + v) is the shear modulus of the plate; o is the linear coefficient of
thermal expansion; N,, N; and u,, u,; are the boundary membrane forces and displacements in the
normal and tangential directions to the boundary, respectively; y;, d; (i = 1,2,3) are functions
specified on I'.

Assuming that creep and shrinkage are independent, the temperature distribution 7,(x, ?) is
given as [18]

T,(X, 1) = &gt — tye)/a, (14)
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where &g, (f — 1,.) is the shrinkage strain calculated from
3sp(t - ch) = Sspopcm)ﬁRHﬁsp(Z - [pc), (15)

where &g,(f.n), Pry are the factors depending on the concrete strength and the relative humidity,
respectively, which are defined as

esp(fom) = [160 + B1(90 — fo)]107°, (16a)

p —1.55(1 — (RH/100)*) for 40%< RH <99% (stored in air) (165)
K71 402501 — (RH/100)%)  for RH >99% (immersed in water),

where f. is a coefficient depending on type of cement. Moreover, f,(f — 7,.) in Eq. (15) is a
coefficient for the development of shrinkage with time, which is estimated from

Bop(t — tpe) = [(t = 15c)/(0.035h5 + 1 — 1,)]"°. (17)

2.2. For each beam

Each beam undergoes transverse deflection and axial deformation. Thus, for the transverse
deflection, assuming (as for the plate for the reinforced concrete beam) linearly elastic material
behaviour (service state conditions):

d*wy 2wy, oM,

E;,IbW—prlX/b—NbW:qz— i in Ly, k=1,2,...,K, (18)
aiwp + arV = as, (19a)

by %—l—sz = b3 atthebeamendsx =0,/, (19b)

wp(x,0) = e(x), (20a)

Wwp(x, 0) = é(x), (20b)

where wp = wp(x, f) is the transverse deflection of the beam; I, is its moment of inertia; N, =
Np(x, 1) is the axial force at the neutral axis; V', M are the reaction and the bending moment at the
beam ends, respectively; p, is the surface mass density of the beam; a;, b;(i = 1,2,3) are the
coefficients specified at the boundary of the beam; e(x), &(x) are the initial deflection and the initial
velocity of the points of the neutral axis of the beam. It is worth noting that the initial deflection
and velocity of the points of the middle surface of the plate &(x), &x) must comply with the initial
deflection and velocity of the points of the neutral axis of the beam e(x), &(x) since the plate and
the beams are assumed to be firmly bonded together.

Finally, E, = E;(2) is the time-dependent tangent modulus of elasticity of the beam given as [17]

E
— 21)
1+ zo(t, 1)
where Ej; is the tangent modulus of elasticity of the beam at time ¢#;;, y is an ageing coefficient
depending on strain development with time, ¢, = ; — #p¢; @(t, tp) 1s the creep coefficient related to

Ey(1) =
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the elastic deformation at 7, days, which is defined [18] as
@(1, 1) = G rig PUem)BEp)Bes(t — 1), (22)

where @z, B(fem), P(tp) and B, (¢ — 1) are two creep coefficients for the beam similar to those for
the plate.

It is apparent that all types of the conventional boundary conditions (clamped, simply
supported, free or guided edge) can be derived from Egs. (19a) and (19b) by specifying the
coefficients a;, b; appropriately (e.g., for a simply supported end it is a; =by =1,
a2:a3:b1 :b3:0).

Since linear beam bending theory is considered, the axial force of the beam does not depend on
the deflection w;. The axial deformation of the beam arising from both the in-plane axial force ¢,
and the beam shrinkage, which is conveniently expressed in terms of a uniform variation of
temperature 7(x, ), is described by solving independently the following quasi-static (axial inertia
forces are neglected) boundary value problem, i.e.,

2
T, .
EbAb%Z —qx—i—oca—[ mLg,k=1,2,...K, (23)
Ox? Ox
ciup + caN = ¢3  atthebeamendsx =0, /, (24)

where N is the axial reaction at the beam ends.
Similarly to the plate, the temperature distribution 7}, for the beam is given as

Ty = eg(t — tpe) /0, (25)
where

esp(f — tpe) = esp(fem) Brer Bsp(t — the), (26)

where &g,(fom), Bris Paw(t — tye) are the shrinkage coefficients for the beam similar to those for the
plate.

Egs. (1), (12a), (12b), (18), (23) constitute a set of five coupled partial differential equations
including seven unknowns, namely w), u,, v,, wp, Uy, qx, g-. Two additional equations are required,
which result from the continuity conditions of the displacements in the direction of the z and x
axes at the interfaces between the plate and the beams. These conditions can be expressed as

Wy = Wp, (27)

hpawp_ hb@Wb
T o T o

It must be noted that the coupling of Eqs. (1), (12a) and (2b), as well as of Egs. (18) and (23) is
non-linear due to the terms including the unknown membrane and axial forces, respectively.

(28)

3. Solution procedure

The solution of the dynamic problem requires the integration of the set of Egs. (1), (12a), (12b),
(18) and (23) subjected to the prescribed boundary and initial conditions. An analytic solution of
this problem is out of the question. Therefore, recourse to a numerical solution is inevitable. The
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method presented by Katsikadelis and Kandilas [14] is employed in this investigation. According
to this method, the domain Q occupied by the plate is discretized by establishing a system of M
nodal points on it, corresponding to M mass cells, to which masses are assigned according to the
lumped mass assumption. Care is taken so that nodal points are placed on the traces of the beams
(Fig. 4). Subsequently, the stiffness matrix as well as the load vector with respect to the nodal
points is established. This procedure leads to the typical equation of motion for the stiffened plate

[m]{w} + [k]iw} = {g}, (29)

where {w} is a vector including the deflections at the M domain nodal points, [m] is the mass
matrix, [K] is the stiffness matrix and {g} is the nodal load vector.

The mass matrix [m] is diagonal. Its elements m; are readily computed by lumping the mass area
contributing to the i nodal point. The elements g; of the load vector {g} are computed from the
mean value of g(x) on each element.

The stiffness matrix [k] with respect to the M domain nodal points is obtained by inverting the
flexibility matrix [f]. The latter is established by solving the static problem by working as follows.
The typical element f;; is computed as the static deflection at point i due to a unit load at point ;. It
is apparent that M (M — 1) static solutions are required since the flexibility matrix is symmetric.
The static problem results from the same equations (Egs. (1), (12a), (12b), (18), (23)) under the
prescribed boundary conditions by neglecting the inertia forces. The solution is achieved using the
AEM as presented in detail by Sapountzakis and Katsikadelis [10, 16].

(a) Forced vibrations. For forced vibrations it is [k] = [f]~', and Eq. (29) can be solved using any
time step integration scheme. The initial conditions in this case are

{w0)} ={e}, {WO)} = {&} (30)
(b) Free vibrations. For free vibrations, {g} = {0}. By setting
{(w(n)} = {W}ye ™, (31)
the following typical eigenvalue problem is obtained:
1
([f][m] - E[I]> {W}; =0, (32)
nodal points masscells

\., %

R s
T VAR )

Fig. 4. Discretization of the plate.
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where [I] is the unit matrix, from which the M eigenfrequencies and mode shapes can be
established.

4. Numerical examples

On the basis of the analytical and numerical procedures presented in the previous Sections, a
computer program has been written and representative examples have been studied to
demonstrate the efficiency and the range of applications of the developed method. In all the
examples treated, the numerical results have been obtained using 54 constant boundary
elements and 162 constant domain rectangular cells. The following data have been used for
the numerical results: concrete C25/30, fi, =25N/mm?, RH=40%, t, = t, = 28 days,
E, = Ep = Eog = 32.55 kN/mmz, h, =0.20m, v=0.154, B, =5 (normal or rapid hardening
cement), a = 107°°C.

4.1. Example 1

(a) Free vibrations. The free vibrations of a rectangular plate with side lengths @, = 18.0m and
b, = 9.0m, stiffened by a beam of rectangular cross-section 1.0 m x /; placed along its x-axis of
symmetry (Fig. 5) have been studied. The edges of the plate along the x-axis are free, while the
other two are simply supported according to the transverse boundary conditions. Moreover,
uy =u, =0 at x =0,a, while N, = N, =0 at y = +b,/2 according to the in-plane boundary
conditions. In this example, both the plate and the beam are simultaneously casted (75, = 1, = 0).
In Table 1 the first 10 computed eigenfrequencies along with the corresponding mode shapes and
their contours of the plate — beam system with /4, = 0.60m for various instants are presented.
Moreover, in Table 2 the fundamental eigenfrequency for various values of the beam height 4,
and for various instants are presented as compared with those obtained from the developed model
ignoring the in-plane forces and deformations of the plate as well as the axial forces and
deformations of the beam.

From both tables it is worth noting that the eigenfrequencies obtained decrease with time due to
the predominant action of creep compared to shrinkage. As expected, the influence of creep action
is more significant in the early ageing of concrete. Moreover, the discrepancy from the results
obtained from the numerical solution ignoring the in-plane forces and deformations is
remarkable.

y A
Free
SS
SS ———»
X
b, %
Free

Fig. 5. Plan of the stiffened plate.
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Table 1
Eigenfrequencies Q = a)\/ﬁ of the plate of Example 1 for various instants ¢ (days)
Q, Contours Mode shapes t=130 t =100 t =300 t = 1000
Q 8.309 6.719 6.359 6.285
Q, 15.131 12.032 11.004 10.490
Q5 19.300 15.478 14.503 14.169
Q 25.554 20.286 18.667 17.947
Qs 34.931 27.717 26.363 23.497
Qs 35.793 28.467 26.390 25.454
Q; 41.537 32.894 30.039 28.961
Qg 59.938 47.379 43.589 41.645
Qg 65.117 51.385 47.095 44.902
Q0 71.953 56.211 50.889 47.576
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Table 2
Fundamental eigenfrequencies of the stiffened plate of Example 1 for various values of the beam height /;, and for
various instants ¢ (model I) compared with those obtained ignoring the in-plane forces and deformations (model II)

Age of concrete ¢ (days) Stiffening beam

1.00 x 0.20 1.00 x 0.60 1.00 x 2.00

Model I Model 11 Model 1 Model 11 Model 1 Model 11
30 7.6265 3.4256 15.1310 7.9812 17.8186 9.5305
100 6.2080 2.6924 12.0319 6.2397 14.0262 7.5698
300 5.9497 2.4481 11.0039 5.6419 12.8172 6.8537
1000 5.9437 2.2836 10.4900 5.2678 11.4840 6.3659
Table 2
Table 3

Deflections w (m) at the centre and at the middle of the free side of the plate of Example 1 for various instants ¢

Age of concrete ¢ (days) Centre Middle of the free side

Dynamic wy,,, Static wy, D = max|R(f)] Dynamic w,,,, Static wy, D = max|R(?)]

30 0.0200 0.0091 2.19 0.0740 0.0332 2.22
100 0.0302 0.0133 2.27 0.1175 0.0491 2.39
300 0.0343 0.0148 2.32 0.1381 0.0531 2.60
1000 0.0410 0.0153 2.68 0.1530 0.0536 2.85
Table 3

(b) Forced vibrations. The forced vibrations of the examined stiffened plate have been studied
when subjected to a suddenly applied uniformly distributed load ¢ of infinite duration. In Table 3
the maximum values, w,,,., of the deflection at the centre and at the middle of the free side of the
plate for various instants ¢ are shown together with the corresponding static ones, wy, for the
calculation of the dynamic magnification factor D = max|R(¢)|, R(t) = w(t)/wg.

4.2. Example 2

The casting of the beam of the stiffened plate of Example 1 preceded the casting of the plate at a
time interval of 7 =1, —t, days. In Table 4 the time development of the fundamental
eigenfrequency of the stiffened plate for the height of the stiffening beam 4, = 0.60m and for
different values of the time interval 7 is presented. From the results obtained it is concluded that
the dynamic response of the reinforced concrete stiffened plate is not influenced from the time
interval between the casting of the plate and the beams.

5. Concluding remarks

The dynamic analysis of reinforced concrete slab-and-beam structures including creep and
shrinkage effects has been studied. A realistic model has been adopted, which, contrary to other
approaches, takes into account the in-plane forces and deformations of the plate as well as the
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Table 4
Fundamental eigenfrequency of the plate of Example 2 for various instants ¢ and for various values of the time interval
T

Age of concrete ¢ (days) Time interval T'

30 100 300 1000
30 8.3093 8.3094 8.3095 8.3096
100 6.7187 6.7188 6.7189 6.7189
300 6.3593 6.3593 6.3594 6.3594
1000 6.2847 6.2847 6.2847 6.2847
Table 4

Fundamental eigenfrequency of the plate of Example 2 for various instants ¢ and for various values of the time interval

axial forces and deformations of the beams. The main conclusions that can be drawn from this
investigation are:

(a) The proposed model permits the study of the dynamic behaviour of a stiffened plate including
the opposed effects of creep and shrinkage either for simultaneous or for separate casting of
the plate and the beams.

(b) The evaluated eigenfrequencies are decreased with time due to the predominant action of
creep compared to shrinkage.

(c) The influence of creep action is more significant in the early ageing of concrete.

(d) The evaluated eigenfrequencies of the plate — beams system are found to exhibit considerable
discrepancy from those of other models, which neglect in-plane and axial forces and
deformations.

(e) The adopted model permits the evaluation of the in-plane shear forces at the interface
between the plate and the beams, the knowledge of which is important in the design of
prefabricated plate beams structures (estimation of shear connectors).

(f) Dynamic response of reinforced concrete slab-and-beam structures is not influenced by the
time interval between the casting of the plate and the beams.
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